specific techniques for solving this bilinear Sylvester equation, will be presented in detail elsewhere.
IV. CONCLUSION
In this note, a geometric theory has been presented for output stabilization and eigenstructure assignment by output feedback for linear multivariable systems. We emphasized the importance of (C, A, B) -invariant subspaces, which constitute open-loop information, in revealing the possible structure of the closed-loop system under output feedback. We also proposed a computationally efficient technique for the characterization of candidate "output-stabilizable subspaces."
Necessary and sufficient conditions in terms of the (C, A, B)-invariance property were presented for stabilization and eigenstructure assignment by output feedback. We provided the links between the proposed geometric theory and the existent algebraic results. We proposed a bilinear generalized Sylvester equation, the solutions of which completely characterize the structure of the closed-loop system under the action of output feedback. We have also shown how different descriptions of this bilinear equation lead to different necessary and sufficient conditions for the output stabilization problem. Finally, we present a preview of possible ways to solve the proposed bilinear equation. Therefore, for the eigenstructure problem, the solutions to a bilinear matrix equations have to be studied.
1988, pp. 2223-2229.
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A New Method of Switching Surface Design for Multivariable Variable Structure Systems
Ju-Jang Lee and Yangsheng Xu Abstract-In this paper, we discuss the problem of the switchjng surface for a multivariable variable structure system. We 6rst propose a new switching surface by which robustness of the controlled system to disturbances is provided. Based on the switching surface, we develop control input to drive the system to track the desired trajectory. This control input does not produce the chattering that normally occurs when a conventional control input is used. We apply the proposed method to a multivariable linear system and discuss the simulation results to show the computational procedure and its effectiveness.
I. INTRODUCTION
The Variable Structure Control (VSC) is a special class of nonlinear control method characterized by a discontinuous control action which changes a structure upon reaching a switching surface a ( x ( t ) ) = 0.
For Variable Structure Control System (VSCS), the system is timeinvariant in the sliding mode, and thus the motion is independent of parameters and disturbances. The representative point of the system is constrained to move along a predetermined switching surface [3], [5], [ 11. Therefore, design of the switching surface completely determines the performance of the system.
With a conventional switching surface, the sliding mode occurs after the system reaches the switching surface. Before the system reaches the switching surface, however, the system is sensitive to Consider a scalar linear system
and assume the coefficient matrices A and B have the following forms:
For convenience, throughout this note, the arguments t and z are sometimes omitted when no confusion is likely to arise. In the sliding motion, a ( z ( t ) ) remains zero, and thus i=l n-1
The resultant sliding mode
depends only on the parameter c,. Using this switching surface, when the system does not reach the switching surface, the system is sensitive to parameter variations and disturbances and dependent on parameters of a, and b i . Only when the switching surface has been reached is the system robust to the parameter variation and disturbance. To overcome this disadvantage, we propose a new switching surface which provides robustness of control through whole control intervals.
Consider the following system:
where u ( t ) is an input, f ( t ) is a disturbance, a , ( t ) is the system parameter which is time-varying, or unknown. In what follows, we denote a , ( t ) by az for brevity.
,=1
A model system can be described by
,=1
The response of the system (6) depends only on the constant parameter cI . If the controller makes the system (5) follow the model system (6), independently of parameter variations and disturbances, the robustness of the controller is ensured. To this end, we define a new switching surface which drives the actual system (5) to follow the model system (6).
If the control input guarantees the sliding mode, then the switching surface remains zero. That is,
zn =~( -c 1 z 1 --~2~~----. -c~z~) d t + z~( O ) , t > 0 . (8)
In this way, the system response of (5) follows the model system (6) exactly. Using this new switching surface, the sliding mode occurs from the initial time, and thus the proposed switching surface guarantees the robustness of the control.
B. Control Input Design
Based on the switching surface designed, the control scheme to guarantee the sliding mode can be developed. When the system reaches the sliding mode from either side of the surface near the switching surface, the state remains on the switching surface a ( z ( t ) ) = 0 for some finite time. The condition for the sliding motion on the switching surface is stated as follows:
The following control input u ( t ) was proposed by [3]:
where
Differentiating (2) with respect to time and substituting it into (5) yields From (2), (lo), (ll), we obtain
sgn ( 4 4 t ) ) ) ] a ( z ( t ) ) . (12)
To satisfy the existence condition, we obtain the gain constants:
The control structures described so far are designed to drive the system state into an ideal sliding mode. Whether this can be achieved relies on idealizations. Because of delays in switching, hysteresis, and other factors that are not considered in dynamic modeling, the ideal sliding mode may not be easily obtained in practice. Moreover, the system state remains only within a neighborhood of a switching surface, and continuously passes back and forth across the switching surface. This behavior is known as chattering, which is particularly undesirable for the actuator mechanisms which may be damaged by the rapid switching. To overcome the chattering problem, a smoothing control scheme was proposed by [2], one of which can be represented by DP(0I Fig. 1. Proposed control scheme when b(t) = 1. where n DP(t) = -x A a , z ; + f(t), Au*(t) = Au(t) -DPu(t).
i=l
In general, DP(t) is an unknown time-varying function with an unknown structure.
In the following, we address the problem of uncertainty cancellation. Using the switching surface a ( z ( t ) ) , the system (5) is govemed by
& ( z ( t ) )
= DP(t) + Au*(t) = DP(t) + (Au(t) -DPu(t)).
(17)
The auxiliary control input DPu(t) is defined in the following where ueq is the continuous equivalent control input, U N is the discontinuous part of (lo), L is the feedback gain vector, and 6 is a small positive constant. M can be selected to ensure the existence condition for the maximum unknown bounded factor. Now, we present a control scheme based on the switching surface proposed previously.
Theorem: Consider the system (5), (6), and the switching surface (2), and assume that a continuous function D P ( t ) represents the plant uncertainty due to the unknown disturbance and unmodeled dynamics. We define a continuous function Au(t) as
where K p is positive. Then the proposed switching surface (7) and control input (13) guarantee the sliding mode of the control system.
Proof: From (l), (2), (4), (S), the derivative of the switching surface, a ( z ( t ) ) , can be obtained
& ( z ( t ) )
= Clkl + C2kZ + . * * + kn
The time-varying parameters a; can be divided into two parts: constant part a,, and time-varying part Aa,; i.e., 
= DP(t-) + (Au(t-) -DPu(t-)) -(Au(t) -DPu(t-)) = D P ( t -) + (A.(t-) -A.(t)) (18) in which t -denotes (t -dt) (dt is a sufficient small value). If
DP(t) and Au(t) are continuous functions, i.e., DP(t) D P ( t -) and Au(t) E Au(t-),
DPu(t) % D P ( t ) . (19)
&(z(t)) S Au(t). (20)
Therefore, from (17), we have A block diagram of the proposed control scheme is shown in Fig. 1 .
Equation (20) results in a ( . ( t))& (z( t ) ) = Au( t)a (z( t)).
A u (~) = -K p u ( z ( t ) ) ,
If control input Au(t) is defined as follows: then u(z(t))&(z(t)) = -Kp[a(z(t))y < 0.
This proves the existence condition of the sliding mode of the control system. Corollary: Consider the following system:
= 1
6 ( z ( t ) ) = D P ( t ) + Au*(t) 
If DP(t), Au(t). and Ab(t) are continuous functions, then &(z(t)) 'Y Au(t). Prooj? If the switching surface a ( s ( t ) ) is given by (2), the derivative of a ( c ( t ) ) is determined by n
n-1
& ( s ( t ) ) = -C a i s , + Ccizz+1 + f ( t ) + b(t) * ~( t ) . (25) t=l i=l
It is noted that ue,(t) can be written as
thus ( 
& (~( t ) )
= -C A a t I , + f ( t ) + Ab(t) * ueq(t) + b ( t ) . Au*(t) i=l = D P ( t ) + b(t) * Au*(t) = D P ( t ) + 1 + -. [Au(t) -D P u (~) ] . (27)
[
The auxiliary control input D P u ( t ) is defined as
DPu(t) = &(s(t-)) -(Au(t) -D P u ( t -) ) = ( A u ( t -) -DPu(t-) 1 + -[ " : : ) I + DP(t-) -( A u ( t -) -D P ( t -) ) = ( A u ( t -) -Au(t)) + ( A u ( t -) -D P u ( t -) ) + DP(t-).
Ab(t-)
.-bo Using (28) and the following relation:
DPu(t-) = b(z(t-*)) -(Au(t-) -DPu(t-')) (29) where t-' denotes (t--dt), b ( z ( t ) ) can be written as
& ( z ( t ) ) = [(Au(t) -DP(t-)) -(Au(t-) -Au(t)) + DP(t)] + [(Au(t) -DP(t-)) -( A u ( t -) -A u (~) ) ] -
Ab(t) bo -[(Au(t-) -DP(t-')) -(Au(t-'j -Au(t-)]
.-+...
+ (-l)n-l [(Au(t-("-')) -DP(t-("-')))
bb(t-) bo -( A u ( t -( n -2 ) )
-Au(t-(n-l) 111
Ab(t) . . . Ab(t-(n-l)) b2t + (-l)"[(AU(t-") -DP(t-"-'))
-(Au(t-"-') -Au(t-"))] ' 
This implies that & ( s ( t ) )
can be approximated by Au(t), i.e.,
b(z(t)) S Au(t). (31)
This condition is the same as (20) . A block diagram of the control structure is illustrated in Fig. 2 .
VARIABLE S m u m CONTROL FOR MULTIVARIABLE LINEAR SYSTEMS
A. System Model
The multivariable linear system to be considered in this section is
where I E R" and U E R" represent the state and control vectors, respectively. To develop a variable structure control, we specify a particular canonical form for the system. This form is closely related to the controllable canonical form for a multivariable linear system, and is similar to that used by [6]. If the matrix B has full rank m, then there exists an orthogonal n x n transformation matrix T such that
where Bz is an m x m nonsingular matrix. A set of new state variable y can be transformed from 2, i.e., y = T I . Let us define the state vector, y E R" as
By using new state variable y. the system (32) can be written
where y1 and y~ are vectors formed by the first (n -m) and last m components of the vector y, respectively, and A,, are block matrices with corresponding dimensions.
B. Conventional Methods for Switching Sulface that
The conventional switching surface u ( z ( t ) ) can be defined such
where CI and CZ are m x (n -m) and m x m matrices. In the sliding mode, a ( z ( t ) ) = 0 and from (34), we obtain
where F = -CF'C1 E R" and t , represents the time at which the sliding mode is reached. This indicates that the evolution of yz(t) in the sliding mode is linearly related to that of yl(t). From (33) and (33, an ideal sliding mode is govemed by
which indicates that the design of a stable sliding mode (i.e., y + 0 as t + 00,) requires the determination of the gain matrix F such that A,, has n -m left-hand half-plane eigenvalues. This can be achieved by modifying a standard design method of a linear feedback control for a linear system. However, since F does not uniquely determine C,m2 degrees of freedom remain due to Ci = CzF.
The simplest method to determine C from F, as suggested by Utkin and Yang (1978) , is to force CZ = 1,. In this way, we have and uz(t) vs. time (proposed controller).
C. Switching Surjihce Design
When the sliding mode is achieved, o ( y ( t ) ) equals zero, i.e.,
where All, A12 are constant matrices, and the others are the unknown time-varying matrices. y E R", U E R", and f ( t ) E R" represent the state variables, control inputs, and unknown disturbances, respectively. y1 E R"-" and yz E R" are the substate variables. We denote the matrices formed by the nominal value of each element of the matrices Azl,Azz, and B2 by Azlo,Azzo, and Bzo.
Consider the model system
Jo Thus, the system (39) exactly follows the system (40).
D. Control Design
input for the system. From (41), we have Based on the switching surface proposed, we can derive control
If the time-varying matrices A21(t), A22(t), BZ can be written in the following forms:
where Azlo, Azzor Bzo are time independent, and A z~ ( t ) , &(t), &(t) represent the time-varying part, in a manner similar to (16) or (24), then (45) where yL E R" , y; E R"-", and y; E R" are the state and substate variables. We define the switching surface as follows:
= [g1g2***omlT 
IV. NUMERICAL SIMULATIONS
We consider the following system as an example to illustrate the procedure for designing a time-varying switching surface and control scheme for a multivariable linear system. 
The desired system is defined by In order to make the system (48) follow (49), we define the switching
Then the following equations can be obtained by differentiating (50) and system model (48):
= -2 l ( t )~1 -iiz(t)yz + Jl(t)ueql+ fl(t) + dl(t) AU;
= DPi(t)+dl(t)Au;
= -bl(t)yl + (6 -bz(t))vz + 5y4 + dz(t)uz + fz(t)
From the results of Section III-D, we can obtain
The simulations have been carried out using a sampling interval of At = 0.005 (s), and the result is shown in Fig. 3. Fig. 3 shows the responses of the state 2 1 and 2 2 , and the control u1 and U Z . The system uncertainties are represented by cl(t) = & ( t ) = &(t) = &2(t) = 0 . 5~0~( n t ) W) = &(t) = -0.5cos(rt), fl(t) = fz(t) = 5cos(27rt).
As can be seen in Fig. 3 , the transient response of the systems is significantly improved. For time-varying b ( t ) and f(t), the state zz (t)
is independent of these time-varying values during sliding mode.
From the results of Fig. 3 , it is shown that the proposed control method possesses an excellent robustness property from the initial state, while the conventional state feedback controller does not.
V. CONCLUSIONS
In this paper, we discuss the problem of designing the switching surface and control input for Variable Structure Control System. We propose a new switching surface which guarantees the robustness from the initial time to the final time. Based on the switching surface, we develop a control scheme in the form of continuous function so as to overcome the chattering problem that normally arises for a conventional variable structure control system. With only a nominal plant parameter, the desired model system can be easily obtained by state feedback techniques. The procedure to determine the proposed switching surface based on the desired model system is conceptually simple, and the proposed method is applicable to a certain timevarying systems. The paper discusses an application of the proposed method to a multivariable linear system and a simulation to show the computation procedure and the effectiveness.
